Cohomological symmetry in triangulated categories  by Bergh, Petter Andreas & Oppermann, Steffen
Journal of Algebra 347 (2011) 143–152Contents lists available at SciVerse ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Cohomological symmetry in triangulated categories
Petter Andreas Bergh ∗, Steffen Oppermann
Institutt for matematiske fag, NTNU, N-7491 Trondheim, Norway
a r t i c l e i n f o a b s t r a c t
Article history:
Received 2 May 2011
Available online 25 September 2011
Communicated by Luchezar L. Avramov
MSC:
15A75
16E30
16E40
18E30
18G15
Keywords:
Vanishing of cohomology
Symmetry
Triangulated categories
Exterior algebras
We give a criterion for cohomological symmetry in a triangulated
category. As an application, we show that such cohomological
symmetry holds for all pairs of modules over any exterior algebra.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Given a ring A and two ﬁnitely generated modules M and N , does the equivalence
ExtnA(M,N) = 0 ∀n  0 ⇐⇒ ExtnA(N,M) = 0 ∀n  0
hold? Obviously, for most rings, this kind of symmetry cannot hold: it would for example imply
that ExtnA(M, A) = 0 for all n  0 and every ﬁnitely generated module M . Nevertheless, there are
large classes of rings having such symmetry. The ﬁrst nontrivial such class of rings was given by
Avramov and Buchweitz in [AvB], where it was shown that symmetry holds over all commutative
local complete intersection rings. In [HuJ], Huneke and Jorgensen extended this class to include the
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the most prominent class known to satisfy symmetry are the group algebras of ﬁnite groups, as shown
by Mori in [Mor].
In this paper, we show that symmetry holds over exterior algebras. Partial results already exist in
the literature. By [Mor, Corollary 4.9 and Theorem 6.6], symmetry holds for exterior algebras on odd
dimensional vector spaces, and for all graded modules over any such algebra. We prove that it holds
for all modules over all exterior algebras.
Our strategy toward this goal is as follows: in Section 2 we investigate cohomological symmetry
for triangulated categories with a central ring action. We show that, under certain conditions, coho-
mological symmetry is a local property (see Theorem 2.6). In Section 3 we apply this result, ﬁrst to
Gorenstein algebras in general (Theorem 3.2), and then to exterior algebras in particular (see Theo-
rem 3.4 and Corollary 3.6).
2. Symmetry in triangulated categories
Let k be a ﬁeld. Throughout this section, we ﬁx a triangulated k-category T with suspension
functor Σ . Given objects X and Y , we deﬁne
Hom∗T (X, Y )
def=
⊕
n∈Z
HomT
(
X,ΣnY
)
.
We start by recalling the notions of graded center, central ring actions and support of objects. For
more details, see [BIKO].
The graded center of T , denoted Z∗(T ), is deﬁned by Zn(T ) being the collection of all natural
transformations 1T
f→ Σn satisfying fΣ X = (−1)nΣ f X for every object X . (We may think of Z∗(T )
as being a graded algebra, however note that in general there is no reason for the collections involved
to be sets.) Straightforward induction then gives fΣt X = (−1)ntΣ t f X for every t ∈ Z. For objects X
and Y , a homogeneous central element f ∈ Z | f |(T ) acts both from the right and from the left on the
graded abelian group Hom∗T (X, Y ) in a natural way. Explicitly, if g ∈ HomT (X,Σ |g|Y ) is a homoge-
neous element, then the scalar multiplications with f are given by
f g
def= (Σ |g| fY ) ◦ g,
g f
def= (Σ | f |g) ◦ f X .
Both these morphisms are elements in HomT (X,Σ | f |+|g|Y ), and they are actually equal up to a sign.
Namely, since f is a natural transformation from the identity functor on T to the functor Σ | f | , the
diagram
X
g
f X
Σ |g|Y
f
Σ |g|Y
Σ | f |X
Σ | f |g
Σ | f ]+|g|Y
commutes. Then since fΣ |g|Y = (−1)| f ||g|Σ |g| fY , we see that
f g = (−1)| f ||g|g f .
This shows two things. First, by taking g to be the coordinate map X
gX→ Σ |g|X at X of another ho-
mogeneous central element of Z∗(T ), we see that the graded center is graded-commutative. Second,
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the left- and right-scalar actions coincide up to sign. Note also that the map
Z∗(T ) → Hom∗T (X, X)
f 
→ f X
is a homomorphism of graded algebras.
Let H = ⊕∞n=0 Hn be a graded-commutative k-algebra (positively graded). Then H acts centrally
on T if there exists a homomorphism H → Z∗(T ) of graded algebras. Typical examples are the coho-
mology ring of a ﬁnite group acting on the stable module category, and the Hochschild cohomology
ring of a ﬁnite dimensional algebra acting on the derived category of modules. Combining with the
coordinate maps, we see that the central ring action gives, for each object X , a homomorphism
H
ϕX−→ Hom∗T (X, X)
of graded algebras. Thus, for every pair of objects X and Y , the graded group Hom∗T (X, Y ) becomes
a graded left/right H module through ϕY and ϕX , and these scalar actions coincide up to sign.
For a graded-commutative algebra H , the even part Hev =⊕∞n=0 H2n is commutative. Therefore any
central ring action gives rise to an action of a commutative algebra concentrated in even degrees.
Setup 2.1. Throughout the rest of this section, let R be a connected commutative graded k-algebra of
ﬁnite type concentrated in even degrees acting centrally on T . (Here “connected” means R0 = k, and
“of ﬁnite type” means that R is ﬁnitely generated as an algebra over k.) We set X = Proj R , the set of
homogeneous prime ideals of R not containing R+ =⊕n>0 Rn , with its natural scheme structure.
Deﬁnition. A graded R-module M is eventually ﬁnitely generated if there is a number n0 such that the
submodule Mn0 =
⊕
nn0 Mn is ﬁnitely generated. We denote by Modefg R the category of eventually
ﬁnitely generated R-modules.
Notation. Let M be a graded R-module.
(1) The support of M is
SuppX M = {p ∈ X | Mp = 0},
where Mp denotes the localization of M with respect to the prime ideal p.
(2) The rate of growth of M is
γM = inf{α ∈ N ∪ {0} ∣∣ ∃C : dimk Mn  Cnα−1 for n  0}.
Remark 2.2. (1) Let M be a graded R-module, n0 ∈ Z, and p ∈ X. Then the short exact sequence
0→ Mn0 → M → M/Mn0 → 0
gives rise to a short exact sequence
0→ (Mn0)p → Mp → (M/Mn0)p︸ ︷︷ ︸→ 0,
=0
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In particular, SuppX M = SuppX Mn0 .
(2) If M is a ﬁnitely generated R-module, then SuppX M is a closed subset of X. By (1), the same
claim holds if we just require M ∈Modefg R .
(3) If M ∈Modefg R , then
γM =
{
0 if SuppX M = ∅,
1+ dimSuppX M if SuppX M = ∅.
We now apply the general notion of support to the setup we are interested in.
Notation. By abuse of notation, for X, Y ∈ T we write
SuppX(X, Y ) = SuppXHom∗T (X, Y ),
and
SuppX(X) = SuppXHom∗T (X, X).
In the deﬁnition of support of a pair of objects, the order is essential: there are examples where
SuppX(X, Y ) does not equal SuppX(Y , X), even when Hom
∗
T (X, Y )⊕Hom∗T (Y , X) ∈Modefg R (see, for
example, [Be3, Example, Section 4]). The main concern in this paper is whether the statement
HomT
(
X,ΣnY
)= 0 ∀n  0 ⇐⇒ HomT (Y ,Σn X)= 0 ∀n  0
holds: under the ﬁniteness condition, by Remark 2.2(3), this is equivalent to asking whether
SuppX(X, Y ) = ∅ ⇐⇒ SuppX(Y , X) = ∅
holds.
The following lemma records some of the elementary properties of triangulated support which we
will make use of in the further discussion.
Lemma 2.3. In the situation of Setup 2.1, let X and Y be two objects of T . Then the following hold.
(1) SuppX(X, Y ) ⊆ SuppX(X) ∩ SuppX(Y ).
(2) For a homogeneous element r ∈ R, complete the map ϕX (r) to a distinguished triangle
X
ϕX (r)−−−→ Σ |r|X → X//r → Σ X
in T .
(a) If Hom∗T (X, Y ) ∈Modefg R, then also Hom∗T (X//r, Y ) ∈Modefg R, and
SuppX(X//r, Y ) = VX(r) ∩ SuppX(X, Y ).
(b) If Hom∗T (Y , X) ∈Modefg R, then Hom∗T (Y , X//r) ∈Modefg R, and
SuppX(Y , X//r) = VX(r) ∩ SuppX(Y , X).
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morphisms R
ϕX→ Hom∗T (X, X) and R
ϕY→ Hom∗T (Y , Y ). The second property follows from the proof of
[BIKO, Theorem 3.3], see also [AvI, Proposition 3.10]. 
Next, we deﬁne support symmetry at a given closed point p ∈ X.
Deﬁnition. In the situation of Setup 2.1, let p ∈ X be a closed point. We say that T satisﬁes symmetry
at p if for all objects X and Y with SuppX(X) ∪ SuppX(Y ) ⊆ {p}, the equality
SuppX(X, Y ) = SuppX(Y , X)
holds.
Remark 2.4. In the setup of the previous deﬁnition, the inclusions SuppX(X, Y ) ⊆ {p} and
SuppX(Y , X) ⊆ {p} hold, by Lemma 2.3(1). Therefore, the assertion is equivalent both to
p ∈ SuppX(X, Y ) ⇐⇒ p ∈ SuppX(Y , X)
and to
SuppX(X, Y ) = ∅ ⇐⇒ SuppX(Y , X) = ∅.
If Hom∗T (X, Y ) ⊕Hom∗T (Y , X) ∈Modefg R , then this in turn is equivalent to
Hom
(
X,ΣnY
)= 0 ∀n  0 ⇐⇒ Hom(Y ,Σn X)= 0 ∀n  0,
by Remark 2.2(3). In other words, symmetry at a point means cohomological symmetry for objects
whose support is this point.
We now show that if T satisﬁes symmetry at a closed point, then this point “occurs symmetrical-
ly” in the supports of objects.
Proposition 2.5. In the situation of Setup 2.1, suppose T satisﬁes symmetry at a closed point p ∈ X, and let X
and Y be objects in T satisfying Hom∗T (X, Y ) ⊕Hom∗T (Y , X) ∈Modefg R. Then
p ∈ SuppX(X, Y ) ⇐⇒ p ∈ SuppX(Y , X).
Proof. Since p is a homogeneous ideal, there are homogeneous elements r1, . . . , rc in R such that
p= (r1, . . . , rc). Thus {p} = VX(r1) ∩ · · · ∩ VX(rc). By Lemma 2.3(2), for each i
SuppX(X//ri, Y ) = VX(ri) ∩ SuppX(X, Y ),
and hence
p ∈ SuppX(X//ri, Y ) ⇐⇒ p ∈ SuppX(X, Y ).
Similarly
p ∈ SuppX(Y , X//ri) ⇐⇒ p ∈ SuppX(Y , X).
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is contained in {p}. Similarly, we can replace Y by an object whose support is contained in {p}. The
result then follows from the deﬁnition of symmetry at p. 
Next, we prove that a local–global principle holds for support symmetry.
Theorem 2.6. Assume in the situation of Setup 2.1 that for any X, Y ∈ T , the graded module Hom∗T (X, Y )
lies in Modefg R. Then the following are equivalent.
(1) For any closed point p ∈ X, the category T satisﬁes symmetry at p.
(2) For any X, Y ∈ T , the equality
SuppX(X, Y ) = SuppX(Y , X)
holds.
Proof. The implication (2) ⇒ (1) is trivial, since (1) is just a special case of (2). Assume therefore that
(1) holds. It follows from Proposition 2.5 that the closed points of SuppX(X, Y ) and of SuppX(Y , X)
coincide. Since X is of ﬁnite type over k, the closed points determine every closed subset. 
As an immediate corollary, local support symmetry implies global vanishing symmetry.
Corollary 2.7. Assume in the situation of Setup 2.1 that for any X, Y ∈ T , the graded module Hom∗T (X, Y )
lies in Modefg R. Moreover, suppose that for any closed point p ∈ X, the category T satisﬁes symmetry at p.
Then
HomT
(
X,ΣnY
)= 0 ∀n  0 ⇐⇒ HomT (Y ,Σn X)= 0 ∀n  0
for all objects X and Y .
3. Applications
In this ﬁnal section, we turn to modules over algebras. Throughout, all modules considered are
ﬁnitely generated left modules.
Let k be a ﬁeld and c  1 an integer. The exterior algebra on c generators is the algebra
Λ = k〈X1, . . . , Xc〉/
(
X2i , {Xi X j + X j Xi}i = j
)
.
It is local, selﬁnjective, and of dimension 2c . Our aim is to prove that
ExtnΛ(M,N) = 0 ∀n  0 ⇐⇒ ExtnΛ(N,M) = 0 ∀n  0
holds for all Λ-modules M and N , by applying the results from the previous section.
3.1. Gorenstein algebras
Let us ﬁrst more generally consider a ﬁnite dimensional Gorenstein algebra Λ (that is idΛΛ and
id ΛΛ are both ﬁnite). We work in the stable category of maximal Cohen–Macaulay modules, de-
noted CMΛ. Its objects are the maximal Cohen–Macaulay Λ-modules, that is, the modules satisfying
ExtiΛ(M,Λ) = 0 for i > 0. The morphism spaces are of the form
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where PΛ(M,N) is the subspace of HomΛ(M,N) consisting of the homomorphisms that factor
through projective modules. The stable category of maximal Cohen–Macaulay modules is triangu-
lated, with suspension Σ given by Σ−1 = ΩΛ , the syzygy functor. Ordinary cohomology can be
interpreted as cohomology in CMΛ: for maximal Cohen–Macaulay modules M and N , the vector
spaces ExtnΛ(M,N) and HomΛ(M,Σ
nN) are isomorphic for all n 1.
By a classical result of Gerstenhaber (cf. [Ger]), the Hochschild cohomology ring HH∗(Λ) of any
ﬁnite dimensional algebra Λ is graded-commutative. Moreover, by [Sol, Section 10] and [BuF, Sec-
tion 3], it acts centrally on the bounded derived category of Λ-modules, via tensor products. In the
case when Λ is Gorenstein, this central ring action induces a central ring action on CMΛ (cf. [BIKO,
Remark 5.1]), since CMΛ ∼= Db(Λ)/perΛ.
Our aim in this subsection is to apply Theorem 2.6 to Gorenstein algebras. We therefore assume
the following ﬁniteness condition, which ﬁrst appeared in [EHSST].
Setup 3.1. Let Λ be a ﬁnite dimensional Gorenstein algebra. Denote by HHev(Λ) the even part of
the Hochschild cohomology ring HH∗(Λ), and write X = ProjHHev(Λ). Assume HHev(Λ) is a ﬁnitely
generated k-algebra, and for all maximal Cohen–Macaulay Λ-modules M and N , the HHev(Λ)-module
Ext∗Λ(M,N) =
⊕∞
n=0 ExtnΛ(M,N) is ﬁnitely generated.
We shall see in the next subsection that these assumptions are satisﬁed when Λ is an exterior
algebras. The following result then reduces the question of cohomological symmetry to the periodic
modules, i.e. the modules M for which there is an integer n ∈ N such that ΩnΛM ∼= M .
Theorem 3.2. In the setup above, the following are equivalent.
(1) For all periodic Λ-modules M and N we have
ExtnΛ(M,N) = 0 ∀n  0 ⇐⇒ ExtnΛ(N,M) = 0 ∀n  0.
(2) For all Λ-modules M and N we have
ExtnΛ(M,N) = 0 ∀n  0 ⇐⇒ ExtnΛ(N,M) = 0 ∀n  0.
(3) For all Λ-modules M and N we have
γ
(
Ext∗Λ(M,N)
)= γ (Ext∗Λ(N,M)).
(4) For all Λ-modules M and N we have
SuppX(M,N) = SuppX(N,M).
Proof. The implications (3) ⇒ (2) ⇒ (1) are clear, whereas the implication (4) ⇒ (3) follows from
Remark 2.2(3). It remains therefore to show (1) ⇒ (4).
Let g = idΛ Λ. Then for any module M , the g-th syzygy Ω gΛM is a maximal Cohen–Macaulay
module. For n > g , there are isomorphisms
ExtnΛ(M,N) ∼= Extn−gΛ
(
Ω
g
ΛM,N
)∼= ExtnΛ(Ω gΛM,Ω gΛN).
Since the support only depends on the behavior of ExtnΛ(−,−) for large n, we may assume that M
and N are maximal Cohen–Macaulay modules. Since
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(
M,ΣnN
)∼= ExtnΛ(M,N)
for n 1, the assumptions of Theorem 2.6 are satisﬁed (with T = CMΛ).
By [Be1, Theorem 2.3], any module M with γ (Ext∗Λ(M,M)) 1 is eventually periodic, and it fol-
lows that any such module which in addition is maximal Cohen–Macaulay is periodic. Now we can
complete the proof as follows, where we use the notation of Theorem 2.6 for T = CMΛ:
(1) ⇒ ∀M,N ∈ CMΛ with γ (Ext∗Λ(M,M) ⊕ Ext∗Λ(N,N)) 1:
ExtnΛ(M,N) = 0 ∀n  0 ⇔ ExtnΛ(N,M) = 0 ∀n  0
2.2(3)⇒ ∀M,N ∈ CMΛ with dim(SuppX(M,M) ∪ SuppX(N,N)) 0:
SuppX(M,N) = ∅ ⇔ SuppX(N,M) = ∅
2.6⇒ ∀M,N ∈ CMΛ: SuppX(M,N) = SuppX(N,M). 
As a corollary, we obtain [Be3, Corollary 4.3]: cohomological symmetry holds for symmetric alge-
bras satisfying the ﬁniteness conditions in Setup 3.1.
Corollary 3.3. Let Λ be a ﬁnite dimensional symmetric k-algebra satisfying the following ﬁniteness condition:
HHev(Λ) is a ﬁnitely generated k-algebra, and for all Λ-modules M and N, the HHev(Λ)-module Ext∗Λ(M,N)
is ﬁnitely generated. Then cohomological symmetry holds for all Λ-modules M and N, i.e. the following are
equivalent:
(1) ExtnΛ(M,N) = 0 for n  0,
(2) ExtnΛ(N,M) = 0 for n  0.
Proof. Let M and N be periodic Λ-modules, and suppose that ExtnΛ(M,N) = 0 for n  0. The period-
icity of N then implies that HomΛ(M,Ω
n
Λ(N)) = 0 for all n ∈ Z (and then ExtnΛ(M,N) = 0 for n 1).
By the Auslander–Reiten formula (cf. [AuR])
0= D HomΛ
(
M,ΩnΛ(N)
) HomΛ(Ωn+1Λ (N), τ (M))
for all n ∈ Z, where τ is the Auslander–Reiten translation of Λ. Since Λ is a symmetric algebra, the
functor τ is isomorphic to Ω2Λ on the stable module category. Consequently 0 = HomΛ(ΩnΛ(N),M)
for all n ∈ Z, giving ExtnΛ(N,M) = 0 for n  1. We have shown that cohomological symmetry holds
for periodic modules, and so by Theorem 3.2 it holds for all modules. 
We ﬁnish this subsection with two examples illustrating Theorem 3.2 and Corollary 3.3.
Examples. (1) Let G be a ﬁnite group and kG the group algebra. By a classical result of Evens and
Venkov (cf. [Eve] and [Ven]), the group cohomology ring H∗(G,k) is a ﬁnitely generated k-algebra, and
for all kG-modules M and N the H∗(G,k)-module Ext∗kG(M,N) is ﬁnitely generated. It then follows
from [SiW] that the ﬁniteness condition from Setup 3.1 holds: HHev(kG) is a ﬁnitely generated k-
algebra, and for all kG-modules M and N , the HHev(kG)-module Ext∗kG(M,N) is ﬁnitely generated.
Since group algebras are always symmetric, Corollary 3.3 implies that cohomological symmetry holds
for kG . This was ﬁrst shown in [Mor].
(2) Let w ∈ C be a primitive third root of unity, a  2 any integer, and consider the quantum
complete intersection
Λ = C〈X, Y , Z〉/(Xa, Ya, Za, XY − wY X, X Z − w2 Z X, Y Z − wZY ).
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identity, and so Λ is a symmetric algebra. Moreover, by [BeO, Theorem 5.5], the ﬁniteness condi-
tion from Setup 3.1 holds: HHev(Λ) is a ﬁnitely generated k-algebra, and for all Λ-modules M and
N , the HHev(Λ)-module Ext∗Λ(M,N) is ﬁnitely generated. Therefore, by Corollary 3.3, cohomological
symmetry holds for Λ.
3.2. Exterior algebras
In this ﬁnal subsection we specialize to the case when Λ is an exterior algebra. In this case, it was
proved in [BeO] that the Hochschild cohomology ring HH∗(Λ) is of ﬁnite type, and that Ext∗Λ(M,N) is
a ﬁnitely generated HH∗(Λ)-module for all Λ-modules M and N . The even part HH∗(Λ)ev of HH∗(Λ)
is therefore a commutative algebra of ﬁnite type, and the ﬁniteness condition of Setup 3.1 holds: for
all M and N , the HH∗(Λ)ev-module Ext∗Λ(M,N) is ﬁnitely generated over HH∗(Λ)ev.
Let M and N be two Λ-modules, and X = ProjHHev(Λ). By deﬁnition, the support SuppX(M,N) is
the Zariski closed subset
SuppX(M,N) =
{
p ∈ X ∣∣ Hom∗modΛ(M,N)p = 0}
= {p ∈ X ∣∣ Ext∗Λ(M,N)p = 0}
of X (note that the two sets on the right coincide by Remark 2.2(1)). Consequently, our support
deﬁned via triangulated categories is in this setup just the projective version of the classical support
varieties deﬁned by Snashall and Solberg in [SnS].
Our main result for exterior algebras, which is just an application of Theorem 3.2, shows that the
order of the modules is irrelevant.
Theorem 3.4. If Λ is an exterior algebra, then
SuppX(M,N) = SuppX(N,M)
for all Λ-modules M and N.
Before we give the proof, let us record some immediate corollaries.
Corollary 3.5. If Λ is an exterior algebra, then for all Λ-modules M and N
γ
(
Ext∗Λ(M,N)
)= γ (Ext∗Λ(N,M)).
Proof. Follows from Theorem 3.2 and Theorem 3.4. 
Corollary 3.6. If Λ is an exterior algebra, then the following are equivalent for all Λ-modules M and N:
(1) ExtnΛ(M,N) = 0 for n  0,
(2) ExtnΛ(M,N) = 0 for n 1,
(3) ExtnΛ(N,M) = 0 for n  0,
(4) ExtnΛ(N,M) = 0 for n 1.
Proof. The equivalences (1) ⇔ (2) and (3) ⇔ (4) follow from [Be3, Theorem 3.6]. The equivalence
(1) ⇔ (3) is a special case of Corollary 3.5. 
We ﬁnish this paper by giving the proof of Theorem 3.4.
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n  0. It follows from the periodicity that HomΛ(M,ΩnΛN) = 0 for all n ∈ Z. The Auslander–Reiten
formula (cf. [AuR]) then implies that
0= D HomΛ
(
M,ΩnΛ(N)
)
 HomΛ
(
Ω1+nΛ (N),Ω
2
Λ(νM)
)
 HomΛ
(
Ωn−1Λ (N), νM
)
for all n ∈ Z, where νM is M twisted by the Nakayama automorphism ν of Λ. Let c be the number
of generators of our exterior algebra Λ, i.e. Λ is the exterior algebra on the c generators X1, . . . , Xc .
By [Be2, Lemma 3.1], if c is odd then ν is the identity, whereas if c is even then ν maps each Xi
to −Xi . In the odd case, the twisted module νM therefore coincides with the twisted module τM
deﬁned in [Eis, Section 2], and then, since M is periodic, there is an isomorphism νM  ΩΛ(M) by
[Eis, Theorem 2.2]. Consequently, we see that
0= HomA
(
ΩnA(N),M
) ∀n ∈ Z,
regardless of the parity of c.
Summing up, we have shown that for periodic M and N , the implication
ExtnΛ(M,N) = 0 ∀n  0 ⇒ ExtnΛ(N,M) = 0 ∀n 1
holds. The claim of the theorem now follows by the implication (1) ⇒ (4) of Theorem 3.2. 
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